This article, complement to the article [Que], deals with some generalizations of Futwängler's theorems for the second case
(x p +y p )(y p +z p )(z p +x p ) (x+y)(y+z) (z+x) and q K be any prime ideal of K over q. We obtain the p-power residue symbols relations p q K K = 1 − ζ j q K K for j = 1, . . . , p − 1.
As an application, we prove that: if Vandiver's conjecture holds for p then q is a p-principal prime. Similarly, let q be a prime dividing dividing (z−x) and q K be the prime ideal of K over q dividing (xζ − y)(zζ − y)(xζ − z). We give an explicit formula for the p-power residue symbols ǫ k qK K for all k with 1 < k ≤ p−1 2 , where ǫ k is the cyclotomic unit given by ǫ k =:
. The principle of proofs rely on the p-Hilbert class field theory.
Introduction

General notations and definitions
• Let p > 3 be a prime, ζ := e 2πi p , K := Q(ζ) the pth cyclotomic number field, Z K the ring of integers of K, and p = (1 − ζ)Z K the prime ideal of Z K over p. Let g := Gal(K/Q), for k ≡ 0 mod p and s k : ζ → ζ k the p − 1 distinct elements of g.
• Let Cℓ K , Cℓ and Cℓ − be respectively the class group of K, the p-class group of K and the negative part of the p-class group of K. For any ideal a of K, let us note cℓ K (a), cℓ(a), cℓ − (a) be respectively the class of a in Cℓ K , Cℓ and Cℓ − .
• A prime q is said p-principal if the class cℓ K (q K ) ∈ Cℓ K of any prime ideal q K of Z K above q is the pth power of a class, which is equivalent to q K = a p (α), for an ideal a of K and an α ∈ K × . This contains the case where the class cℓ K (q K ) is of order coprime with p.
• For any α ∈ K and prime ideal q K of K, we use the pth power residue symbol notation
• We will adopt in the sequel the following notations for an hypothetic counterexample to F LT 2. We say that F LT 2 would fail for (p, x, y, z) if we had
with x, y, z ∈ Z\{0} pairwise coprime and p dividing y.
Main results
Let q be a prime dividing
and q K be any prime ideal of K over q. We obtain the p-power residue symbols relations (see theorem 2.4)
As an application, we prove that: if Vandiver's conjecture fails for p then q is a p-principal prime (see theorem 2.5). Similarly, let q be a prime dividing dividing
and q K be the prime ideal of K over q dividing (xζ − y)(zζ − y)(xζ − z). We give an explicit formula for the p-power residue symbols
2 , where ǫ k is the cyclotomic unit given by ǫ k =:
This article is a complement to the article [GQ] 
Detailed results and proofs
We give at first a general lemma.
Lemma 2.1. Suppose that F LT 2 fails for (p, x, y, z) with p|y. If q = p satisfies y ≡ 0 mod q and x + z ≡ 0 mod q,
Proof.
• From Barlow-Abel relations
• Suppose that q|
x+z with p prime to κ and search for a contradiction: let q K be a prime ideal of Z K lying over q. From q|y and the Barlow-Abel relation x + y = z p 0 , we have
• If we suppose κ = q−1 p prime to p, we have κ = q−1 p even and x κ ≡ (−z) κ mod q and x p ≡ (−z) p mod q, thus q | x + z by a Bézout relation between p and n (absurd).
On the primes q dividing
1. We assume that F LT 2 fails for (p, x, y, z). This section contains some general strong properties of the primes q dividing
complementary to Furtwängler's theorems. Here, we don't assume that q is p-principal or not, thus this subsection brings complementary informations to corollary 2.7 of [Que] .
2. Let us define the totally real cyclotomic units
where this definition implies ̟ 1 = 1. Recall that the cyclotomic units of K are generated by the ̟ a for 1 < a < p 2 . We have
• Suppose that xζ + y ≡ 0 mod q K . We have q|z, so q ≡ 1 mod p 2 from First Furtwängler's theorem, so
from Barlow-Abel relations, and finally
In the other hand, we have
• Suppose that zζ + y ≡ 0 mod q K . The proof is similar with z in place of x.
Lemma 2.3. Suppose that F LT 2 fails for (p, x, y, z) with p|y . Let q = p be a prime and q K be a prime ideal of Z K over q. Then we have for k = 1, . . . , p − 2:
1. From xζ + y ≡ 0 mod q K we get
In the other hand,
is a totally real cyclotomic unit, so
because x + y ∈ K ×p and finally
because q ≡ 1 mod p 2 obtained by the first Theorem of Furtwängler.
2. The proof is similar to item 1. with z in place of x.
3. In that case we have x + z = p νp−1 y p 0 with ν > 0 and so x + z ∈ p −1 K ×p and p 2 |q − 1 as proved in lemma 2.1. Theorem 2.4. Assume that the second case of FLT fails for (p, x, y, z) with p|y. Let q be a prime dividing
If the p-class cℓ(q K ) ∈ Cℓ − we have:
1. The prime q satisfies the congruence q ≡ 1 mod p 2 .
2. q K satisfies the following power residue symbols values:
(c) If Vandiver's conjecture holds for p, the prime q is p-principal.
• If q| 
x+z then, q ≡ 1 mod p 2 from lemma 2.1, which proves item 1 of the statement.
• Suppose q| x p +y p x+y .
-From previous lemma 2.3, we have
and also, with p − k in place of k,
-For 2 ≤ k ≤ p − 2, we can write
and so
because A k is a p-primary pseudo-unit (for instance by application of Artin-Hasse reciprocity law), so w = 0 and
-We get
which leads to ̟ k+1
-We have seen above that
Then, gathering these relations involving the units ̟ k+1 , ̟ p−k−1 , ̟ p−k+1 , we get
-Starting from k = 2 we get for k = 2, 4, . . . , p − 3,
because we get directly
Starting from k = 3 we get for k = 3, 5, . . . , p − 2,
= 1 from its definition. Therefore we get
So, we get 1 − ζ i
and finally we find again
From lemma 2.2 we have also 
. . , p−1 obtained and the assumption that cℓ(q K ) ∈ Cℓ − imply that q K is p-principal (application of the decomposition and reflection theorems in the p-Hilbert class field of K), if not it should be possible to find some integers n 1 , . . . , n (p−3)/2 ≡ 0 mod p, such that the p-primary unit ̟ =
proves item 2.c for q|
• Suppose at last that q|
(seen in lemma 2.3 item 3.) and similarly
so we get again the relation (1)
In the other hand Remark 1. In the case of an hypothetic solution (x, y, z), p|y of the FLT2 equation, for the primes q with cℓ(q K ) ∈ Cℓ − and q K |xζ + y (or zζ + y), the theorem 2.4 can be considered as a reciprocal statement to corollary 2.7 of [Que] in which (u, v) = (x, y) or (z, y) for x, y, z, p|y hypothetic solution of the Fermat's equation. In particular, we have proved:
Theorem 2.5. Assume that Vandiver's conjecture holds for p and that the second case of FLT fails for (p, x, y, z) . Then all the primes q = p dividing
2.2 Some properties of the primes q dividing
1. We assume that the second case F LT 2 fails for (p, x, y, z) with p|y. This subsection contains some general properties of decomposition of the primes q dividing
in certain p-Kummer extensions. Here, we don't assume that q is p-principal or not, thus this subsection brings complementary informations to SF LT 2 corollary 2.5 in [Que] . Note that, here, Furtwängler's theorems cannot be applied to these primes q, so we cannot assume that p 2 divides q − 1.
where we note that ǫ 1 = 1 and that
Lemma 2.6. Suppose that F LT 2 fails for (p, x, y, z) with p|y . Let q = p be a prime and q K be a prime ideal of Z K over q. Then we have for k = 1, . . . , p − 1:
1. From xζ − y ≡ 0 mod q K we get
In the other hand, for 1
. . p − 1, and finally
2 We don't know here if p 2 |q − 1.
2. The proof is similar with z in place of x.
3. In that case we have x + z = p νp−1 y p 0 with ν > 0 and so x + z ∈ p −1 K ×p .
Theorem 2.7. Suppose that the second case of FLT fails for (p, x, y, z) with p|y. Let q be a prime dividing
Proof.
1. Let us suppose at first that p 2 | q − 1: we know that q is non p-principal, if not it should imply p 2 |q − 1 from corollary 2.5 in [Que] .
(a) From previous lemma 2.6, we have
and so, with p − k in place of k,
(b) With the same proof as in thm 2.4, we get
which leads from (4) and (5) to
(c) In the other hand, from (3) we have
From (7) and (8) we derive that
Observing that ǫ p−1 = 1, so
(e) We get for the odd values k = 2k ′ + 1
Observing that ǫ 1 = 1, so
2 , so 2k ′ + 1 = p − 2,
and for k ′ = p−5 2 ǫ 5
and so on.
(f) Let us define k ′′ := p−1 2 − k ′ , we get 2k ′ + 1 = p − 2k ′′ , for k ′ = p − 3 2 , . . . , 1 corresponding to k ′′ = 1, . . . , p − 3 2 .
It follows that
and finally
2. Let us suppose that q ≡ 1 mod p 2 : then ζ q K K = 1 and from relation (9) we get
q K K for k = 2, . . . , p − 2.
In the other hand we have which achieves the proof for p 2 |q − 1.
